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Abstract. We study some basic quantum confinement effects through investigation
a deformed harmonic oscillator algebra. We show that spatial confinement effects on
a quantum harmonic oscillator can be represented by a deformation function within
the framework of nonlinear coherent states theory. Using the deformed algebra, we
construct a quantum field theory in confined space. In particular, we find that the
confinement influences on some physical properties of the electromagnetic field and
it gives rise to nonlinear interaction. Furthermore, we propose a physical scheme to
generate the nonlinear coherent states associated with the electromagnetic field in a
confined region.
21. Introduction
The physical size and shape of the materials strongly effect the nature, the dynamics
of the electronic excitations, the lattice vibrations, and the dynamics of carriers. For
example, in the mesoscopic systems, the dimension of system is comparable with the
coherence length of carriers and this leads to some new phenomena that they do not
appear in a bulk semiconductor, such as quantum interference between carrier’s motion
[1]. In these physical systems different particles are confined in a small space and interact
with each other. As usual, we use quantum field theory (QFT) and second quantization
procedure for considering interacting many particles physical systems. Standard QFT is
based on quantum mechanics on an infinite line without any boundaries. However, the
presence of infinite walls in standard QFT can detect vacuum effect of electromagnetic
field and gives rise to Casimir effect [2]. Hence, in a system with small dimensions we
expect some new phenomena appear, and barriers effects show themselves.
Recent progress in growth techniques and development of micromachinig technology
in designing mesoscopic systems and nanostructures, have led to intensive theoretical
[3] and experimental investigations [4] on electronic and optical properties of those
systems. The most important point about the nanoscale structures is that the quantum
confinement effects play the center-stone role. One can even say in general that
recent success in nanofabrication technique has resulted in great interest in various
artificial physical systems with usual phenomena driven by the quantum confinement
(quantum dots, quantum wires and quantum wells). A number of recent experiments
have demonstrated that isolated semiconductor quantum dots are capable of emitting
light [5]. It becomes possible to combine high-Q optical microcavities with quantum dot
emitters as the active medium [6]. Furthermore, there are many theoretical attempts
for understanding the optical and electronic properties of nanostructures especially
semiconductor quantum dots [7]. Because of intensive researches in this area, it is
reasonable to consider the finite size effects on the EM field including the quantization
of the EM field in confined regions that their sizes are of order of electromagnetic
wavelength, such as microcavities. On the other hand, a nanostructure such as quantum
dot, is a system that carrier’s motion is confined inside a small region, and during the
interaction with other systems, the generated excitations such as phonons, excitons,
plasmons are confined in small region. Hence we want to answer this question: what
are the spatial confinement effects on excitation states in quantum field theoretical
description of nanostructures? It seems that to answer this question we need to know
the confinement and boundary conditions effects in QFT. First, we consider spatial
confinement effect on a simple quantum harmonic oscillator and then we shall use this
oscillator in quantizing the fields.
As mentioned before, the standard QFT is based on the quantum mechanics on
an infinite line. In the canonical QFT the main tool is quantum oscillator. Energy
eigenvalues of quantum harmonic oscillator (QHO) is given by En = (n +
1
2
)~ω, and
these successive energy levels were interpreted as being obtained by creation of a
3quantum particle of energy ~ω. This interpretation of the energy spectrum of QHO was
successfully used in the second quantization formalism [8]. Plank’s hypothesis is realized
in the second quantization formalism by using creation and annihilation operators of
the QHO. This realization is obtained for QHO defined on an infinite line.
It is reasonable to claim that, in considering QFT in a finite region one can
use energy levels of a QHO confined in that finite space and therefore analyze the
consequences of this assumption in construction of such QFT on a compact manifold.
As we shall see in subsequent sections, the spatial confinement of the QHO leads to a
deformed Heisenberg algebra for the ordinary harmonic oscillator. A deformed algebra
is a nontrivial generalization of a given algebra through the introduction of one or
more complex parameters, such that, in a certain limit of parameters the non-deformed
algebra is recovered; these parameters are called deformation parameters. There have
been several attempts to generalize Heisenberg algebra, and a particular deformation of
Heisenberg algebra has led to the notion f-oscillator [9]. An f-oscillator is a non-harmonic
system, that from mathematical point of view its dynamical variables (creation and
annihilation operators) constructed from a non canonical transformation through
Aˆ = aˆf(nˆ) , Aˆ† = f(nˆ)aˆ†, (1)
where aˆ and aˆ† are corresponding harmonic oscillator operators and nˆ = aˆ†aˆ. The
function f(nˆ) is called deformation function that depends on the number of quanta and
some physical parameters. The presence of operator-valued deformation function causes
the Heisenberg algebra of the standard QHO to transform into a deformed Heisenberg
algebra. The nonlinearity in f-oscillators means dependence of the frequency on the
intensity [10]. On the other hand, in contrast to the standard QHO, f-oscillators have
not equal spaced energy spectrum. If we confine a simple QHO inside an infinite well,
due to the spatial confinement, the energy levels constitute a spectrum that is not
equal spaced. Therefore, in this case it is reasonable to expect to find a corresponding
f-oscillator. One of the most interesting features of the QHO is the construction of
coherent states, as the eigenfunction of annihilation operator. As is well known [9] one
can introduce Nonlinear coherent states or f-coherent states as the right-hand eigenstates
of deformed annihilation operator Aˆ. It has been shown that these families of generalized
coherent states exhibit various non-classical properties [11]. Due to these properties and
their applications, generation of these states is a very important issue in the context of
quantum optics. The f-coherent states may appear as stationary states of the center-of-
mass motion of a trapped ion [12]. Furthermore, a theoretical scheme for generation of
these states in micromaser in the frame work of intensity-dependent Jaynes-Cummings
model has been proposed [13].
It has also been shown [14] that there is a close connection between the deformation
function appeared in the nonlinear coherent states algebraic structure and the non-
commutative geometry of the configuration space. Furthermore, it has been shown
recently [15], that if a two-mode QHO confined on the surface of a sphere, can be
interpreted as a single mode deformed oscillator, whose and its quantum statistics
4depends on the curvature of sphere.
Motivated by the above-mentioned results, in the present contribution we are
intended to investigate the spatial confinement effects on physical properties of a
standard QHO. It will be seen that the confinement leads to deformation of standard
QHO. Then we use this confined oscillator to considering boundary effects in QFT. In
a recent work [16] the authors have considered boundary effects in QFT and for this
purpose they have used a QHO defined on a circle and its associated algebra, which
is a realization of a deformed Heisenberg algebra has been introduced in Ref.[17]. To
construct QFT they have used this special deformed algebra and the calculus on a lattice
without any definite commutation relation between field operators. In this paper, we
consider a QHO confined in a one-dimensional infinite well without periodic boundary
conditions, and we find its energy levels, as well as associated ladder operators. We
show that the ladder operators can be interpreted as a special kind of the so-called
f-deformed creation and annihilation operators [9]. Then, we use this oscillator as a
basis for the canonical quantization of the electromagnetic (EM) field in a confined
space. In Ref. [18] the quantization of the electromagnetic field is performed by making
use of the q-deformed oscillator without any quantization postulate. In our quantization
scheme we use the quantization postulate and impose canonical commutation relation on
Hamiltonian of the system under consideration. In order to keep commutation relation
between field and its conjugate momentum we deform Hilbert space of the system.
This paper is organized as follow: In Section 2, we review some physical properties
of f-oscillator and its coherent states. In section 3 we consider the spatially confined
QHO in a one-dimensional infinite well and construct its associated coherent states. We
shall also examine some of their quantum statistical properties, including sub-Poissonian
statistics and quadrature squeezing. In section 4 we use the confined oscillator under
consideration and its algebra to construct a quantum theory of fields, and as an example
we quantize the electromagnetic field. In Section 5 we propose a dynamical scheme for
generating the nonlinear coherent state associated with the EM field in a confined region.
Finally we summarize our conclusions in section 6.
2. f-oscillator and nonlinear coherent states
In this section, we review the basics of the f-deformed quantum oscillator and the
associated coherent states known in the literature as nonlinear coherent states. For
this purpose, we consider an eigenvalue problem for a given quantum physical system
and we focus our attention on the properties of creation and annihilation operators,
that allows to make transition between the states of discrete spectrum of the system
Hamiltonian. As usual, we expand the Hamiltonian in its eigenvectors
Hˆ =
N−1∑
i=0
Ei|i〉〈i| , (2)
5where we choose E0 = 0. We introduce the creation (raising) and annihilation (lowering)
operators as follows
Aˆ† =
N−1∑
i=
√
Ei+1|i+ 1〉〈i| , Aˆ =
N−1∑
i=0
√
Ei|i− 1〉〈i| , (3)
so that Aˆ†|N〉 = Aˆ|0〉 = 0. These ladder operators satisfy the following commutation
relation
[Aˆ, Aˆ†] =
N∑
i=1
(Ei+1 − Ei)|i〉〈i| . (4)
Obviously if the energy spectrum is equally spaced ,because of this condition, energy
spectrum must be linear in quantum numbers, (as in the case of ordinary QHO), then
Ei+1−Ei = c, where c is a constant and the commutator of Aˆ and Aˆ† becomes a constant
(a rescaled Weyl-Heisenberg algebra). On the other hand, if the energy spectrum is not
equally spaced, the ladder operators of the system satisfy a deformed Heisenberg algebra,
i.e. their commutator depends on quantum numbers that appear in energy spectrum.
This is one of the most important properties of the quantum f-oscillators [9].
An f-oscillator is a non-harmonic system characterized by a Hamiltonian of the
harmonic oscillator form
HˆD =
1
2
Ω(AˆAˆ† + Aˆ†Aˆ) (~ = 1) , (5)
with a specific frequency Ω and deformed boson creation and annihilation operators
defined in (1). The deformed operators obey the commutation relation
[Aˆ , Aˆ†] = (nˆ+ 1)f 2(nˆ+ 1)− nˆf 2(nˆ) . (6)
The f-deformed Hamiltonian HˆD is diagonal on the eingenstates |n〉 in the Fock space
and its eigenvalues are
En =
Ω
2
[(n+ 1)f 2(n+ 1) + nf 2(n)]. (7)
In the limit f → 1, the ordinary expression En = ~Ω(n + 12) and the usual (non-
deformed) commutation relation [aˆ , aˆ†] = 1 are recovered.
Furthermore, by using the Heisenberg equation of motion with Hamiltonian (5) we
have
i
dAˆ
dt
= [Aˆ , HˆD] (~ = 1). (8)
We obtain the following solution to the Heisenberg equation of motion for f-deformed
operators Aˆ and Aˆ† defined in equation (1)
Aˆ(t) = e−iΩG(nˆ)tAˆ(0) , Aˆ†(t) = Aˆ†(0)eiΩG(nˆ)t, (9)
where
G(nˆ) =
1
2
(
(nˆ+ 2)f 2(nˆ+ 2)− nˆf 2(nˆ)) . (10)
In this sense, the f-deformed oscillator can be interpreted as a nonlinear oscillator
whose frequency of vibrations depends explicitly on its number of excitation quanta
6[10]. It is interesting to point out that recent studies [19] have revealed strictly physical
relationship between the nonlinearity concept resulting from f-deformation and some
nonlinear optical effects, e.g., Kerr nonlinearity, in the context of atom-field interaction.
The nonlinear transformation of the creation and annihilation operators leads
naturally to the notion of nonlinear coherent states or f-coherent states. The nonlinear
coherent states |α〉f are defined as the right-hand eigenstates of the deformed operator
Aˆ = aˆf(nˆ)
Aˆ|α〉f = α|α〉f . (11)
From Eq.(11) one can obtain an explicit form of the nonlinear coherent states in a
number state representation
|α〉f = C
∞∑
n=0
αndn|n〉, (12)
where the coefficients dn’s and normalization constant C are respectively given by
d0 = 1 , dn =
(√
n!f(n)!
)−1
, f(n)! =
n∏
j=1
f(j), (13)
C =
( ∞∑
n=0
d2n|z|2n
)−1
2
. (14)
In recent years nonlinear coherent states have been paid much attentions because they
exhibit nonclassical features [11] and many quantum optical states, such as squeezed
states, phase states, negative binomial states and photon-added coherent states can be
viewed as a sort of nonlinear coherent states [20].
3. Quantum harmonic oscillator in a one dimensional infinite well
In this section we consider a quantum harmonic oscillator confined in a one dimensional
infinite well. Many attempts have been done for solving this problem (see [21]-[22],
and references therein). In most of those works, authors tried to solve the problem
numerically. But in our consideration we try to solve the problem analytically, to reveal
the relationship between the confinement effect and given deformation function. We
start from the Schro¨dinger equation (we assume ~ = 1)[
− 1
2m
d2
dx2
+
1
2
kx2 + V (x)
]
ψ(x) = Eψ(x), (15)
where
V (x) =
{
0 −a ≤ x ≤ a
∞ elsewhere.
7Instead of solving the Schro¨dinger equation for the QHO confined between infinite
rectangular walls in positions ±a, we propose to solve the eigenvalue equation for the
potential
V (x) =
1
2
k
(
tan(δx)
δ
)2
, (16)
where δ = π
2a
, is a scaling factor depending on the width of the well. This potential
models a QHO placed in the center of the rectangular infinite well [23]. The potential
V (x) fulfills two asymptotic requirements: 1) V (x)→ 1
2
kx2 when a→∞ (free harmonic
oscillator limit). 2) V (x) at equilibrium position have the same curvature as a free QHO,[
d2V
dx2
]
x=0
= k.
Now we consider the following equation[
− 1
2m
d2
dx2
+
1
2
k
(
tan(δx)
δ
)2
− E
]
ψ(x) = 0 . (17)
To solve analytically this equation, we use the factorization method [24]. By changing
the variable and some mathematical manipulation, the corresponding energy eigenvalues
are found as
En = γ
′(n +
1
2
)2 +
√
γ′2 + ω2(n+
1
2
) +
γ′
4
, (18)
where γ′ = 4π
2
32a2m
,and ω =
√
k
m
is the frequency of the QHO. The first term in the energy
spectrum can be interpreted as the energy of a free particle in a well, the second term
denotes the energy spectrum of the QHO, and the last term shifts energy spectrum by a
constant amount. It is evident that if a→∞ then γ′ → 0 and the energy spectrum (18)
reduces to the spectrum of the free QHO. As is clear from (18), different energy levels
are not equally spaced, hence confining a free QHO leads to deformation of its dynamical
algebra, and we can interpret the parameter γ′ as the deformation parameter. In Table
(3.1) the numerical results associated with the original potential are compared with the
generated results from model potential. As is seen the results are in a good agreement
when boundary size is of order of characteristic length of the harmonic oscillator. On the
other hand, the numerical results given in Ref. [21] are related to the original potential,
confined QHO in the one-dimensional infinite well. This oscillator when approached to
the boundaries of well suddenly becomes infinite, while the model potential is smooth
and approach to infinity asymptotically. Therefore, the model potential (16) is more
appropriate for the physical systems will be considered later.
If we renormalize Eq.(18) to energy quanta of the simple harmonic oscillator and
introducing the new variables n + 1
2
= l,
√
γ′2
ω2
+ 1 = α, and γ = γ
′
ω
then Eq.(18) takes
the following form
El = γl
2 + αl +
γ
4
. (19)
By comparing this spectrum with the energy spectrum of an f-deformed oscillator (7),
we find the corresponding deformation function as
f(nˆ) =
√
γnˆ + α. (20)
8This function leads to spectrum Eq.(18). Furthermore, the ladder operators associated
with the confined oscillator under consideration can be written in terms of the
conventional (non-deformed) operators aˆ , aˆ† as follows
Aˆ = aˆ
√
γnˆ+ α , Aˆ† =
√
γnˆ+ α aˆ†. (21)
These two operators satisfy the following commutation relation
[Aˆ, Aˆ†] = γ(2nˆ+ 1) + α. (22)
It is obvious that in the limiting case a → ∞ (γ → 0,α → 1), the right hand side of
the above commutation relation becomes independent of nˆ, and the deformed algebra
reduces to a the conventional Weyl-Heisenberg algebra for a free QHO.
Classically, harmonic oscillator is a particle that attached to an ideal spring, and can
oscillate with specific amplitude. When that particle be confined, boundaries can affect
particle’s motion if the boundaries position be in a smaller distance in comparison with
a characteristic length that particle oscillate in it. This characteristic length for the
QHO is given by ~
mω
where (~ = 1) , and if 2a ≤ 1
mω
, then the presence of boundaries
affect the behavior of QHO, otherwise it behaves like a free QHO. Therefore, one can
interpret l0 =
1
mω
as a scale length where the deformation effects become relevant.
3.1. Coherent states of confined oscillator
Now, we focus our attention on the coherent states associated with the QHO under
consideration. As usual, we define coherent states as the right-hand eigenstates of the
deformed annihilation operator
Aˆ|β〉f = β|β〉f . (23)
From (23) we can obtain an explicit form of the state |β〉f in a number state
representation
|β〉f = N
∑
n
βn
[f(n)]!
√
n!
|n〉, (24)
where N =
(∑
n
|β|2
[f(n)!]2n!
)− 1
2
is the normalization factor, β is a complex number, and the
deformation function f(n) is given by Eq.(20). The ensemble of states |β〉f labeled by
the single complex number β is called a set of coherent states if the following conditions
are satisfied [25]:
• normalizability
f〈β|β〉f = 1, (25)
• continuity in the label β
|β − β ′| → 0 ⇒ ‖ |β〉f − |β ′〉f‖ → 0, (26)
9• resolution of the identity∫
c
d2β|β〉ff 〈β|w(|β|2) = Iˆ, (27)
where w(|β|2) is a proper measure that ensures the completeness and the integration
is restricted to the part of the complex plane where normalization converges.
The first two conditions can be proved easily. For the third condition, we choose the
normalization constant as
N 2 = |β|
α
I
γ
α(2|β|) , (28)
where
Iγα(x) =
∞∑
s=0
1
s!(γs+ α)!
(
x
2
)2s+α, (29)
is similar to the Modified Bessel function of the first kind of the order α with the series
expansion Iα(x) =
∑∞
s=0
1
s!(s+α)!
(x
2
)2s+α. Resolution of the identity of deformed coherent
states can be written as∫
d2β|β〉f〈β|w(|β|) = π
∑
n
|n〉〈n| 1
n!(γn+ α)!
∫ ∞
0
d|β||β||β|2n (30)
× |β|
α
I
γ
α(2|β|)w(|β|).
Now we introduce the new variable |β|2 = x and the measure
w(
√
x) =
8
π
Iγα(2
√
x)Km(2
√
x)
√
x
l
, (31)
where Km(x) is the modified Bessel function of the second kind of the order m,
m = (γ − 1)n + α and l = (γ − 1)n + 1. Using the integral relation ∫∞
0
Kν(t)t
µ−1dt =
2µ−2Γ
(
µ−ν
2
)
Γ
(
µ+ν
2
)
[26], we obtain∫
d2β|β〉ff〈β|w(|β|) =
∑
n
|n〉〈n| = 1ˆ. (32)
We therefore conclude that the states |β〉f qualify as coherent states in the sense
described by the condition (25)-(27). We now proceed to examine some nonclassical
properties of the nonlinear coherent states |β〉f . As an important quantity, we consider
the variance of the number operator nˆ. Since for the conventional (non-deformed)
coherent states the variance of number operator is equal to its average, deviation from
Poissonian statistics can be measured with the Mandel parameter [27]
M =
(∆n)2 − 〈nˆ〉
〈nˆ〉 . (33)
This parameter vanishes for the Poisson distribution, is positive for super-Poissonian
distribution (photon bunching effect), and is negative for a sub-Poissonian distribution
(photon antibunchig effect).
Figure 1 shows the size dependence of the Mandel parameter for different values of
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dimensionless parameter a
l0
. As is seen, the Mandel parameter exhibit sub-Poissonian
statistics and with further increasing values of a it is finally stabilized at an asymptotical
zero value corresponding to the Poissonian statistics.
As another important nonclassical property we examine the quadrature squeezing.
For this purpose we first consider the conventional quadrature operators Xˆa and Yˆa
defined in terms of undeformed operators aˆ and aˆ† as
Xˆa =
1
2
(aˆeiφ + aˆ†e−iφ) Yˆa =
1
2i
(aˆeiφ − aˆ†e−iφ). (34)
The commutation relation for aˆ and aˆ† leads to the following uncertainty relation
(∆Xa)
2(∆Ya)
2 ≥ 1
16
|〈[Xˆa, Yˆa]〉|2 = 1
16
. (35)
For the vacuum state |0〉, we have (∆Xa)2 = (∆Ya)2 = 14 and hence (∆Xa)2(∆Ya)2 = 116 .
A given quantum state of the QHO is said to be squeezed when the variance of one of
the quadrature components Xˆa and Yˆa satisfies the relation
(∆Oa)
2 < (∆Oa)
2
vacuum =
1
4
(Oa = Xa or Ya). (36)
The degree of quadrature squeezing can be measured by the squeezing parameter sO
defined by
sO = 4(∆Oa)
2 − 1. (37)
Then, the condition for squeezing in the quadrature component can be simply written
as sO < 0. In figure 2 we have plotted the parameter sO corresponding to the squeezing
of Xˆa with respect to the phase angle φ for three different values of a. This diagram
shows that the state |β〉f exhibit squeezing for different values of the confinement size,
and maximum value of squeezing occurs when a = 1. Figure 3 shows the plot of sXa
versus the dimensionless parameter a
l0
for different values of phase. As is seen, with the
increasing value of a
l0
quadrature squeezing is is stabilized to zero, according to Mandel
parameter.
Let us also consider the deformed quadrature operators XA and YA defined in terms of
the deformed operator Aˆ and Aˆ†
XˆA =
1
2
(Aˆeiφ + Aˆ†e−1φ) YˆA =
1
2i
(Aˆeiφ − Aˆ†e−iφ). (38)
By considering the commutation relation for the deformed operators Aˆ and Aˆ† (6), the
squeezing condition for the deformed quadrature operators OˆA can be written as
S = 4(∆OA)
2 − 〈(nˆ + 1)f 2(nˆ + 1)〉+ 〈nˆf 2(nˆ)〉 < 0, (39)
where O = XA or YA. Figure 4 shows the plots of SXA versus dimensionless parameter
a
l0
for three different values of |β|2. As is seen, the deformed quadrature operator always
exhibits squeezing.
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Table 1. (Calculated energy levels of the confined QHO in a one dimensional infinite
well by using our model potential in comparison with the numerical result given in
Ref.[21])
state boundary size model potential numerical results
0 a=0.5 4.98495312 4.95112932
0 1 1.41089325 1.29845983
0 2 0.67745392 0.53746120
0 3 0.57321464 0.50039108
0 4 0.54003728 0.50000049
1 a=0.5 19.88966157 19.77453417
1 1 5.46638033 5.07558201
1 2 2.34078691 1.76481643
1 3 1.85672176 1.50608152
1 4 1.69721813 1.50001461
2 a=0.5 44.66397441 44.45207382
2 1 11.98926850 11.25882578
2 2 4.62097017 3.39978824
2 3 3.41438455 2.54112725
2 4 3.00861155 2.50020117
3 a=0.5 79.30789166 78.99692115
3 1 20.97955777 19.89969649
3 2 7.51800371 5.58463907
3 3 5.24620303 3.66421964
3 4 4.47421754 3.50169153
4 a=0.5 123.82141330 123.41071050
4 1 32.43724814 31.00525450
4 2 11.03188752 8.36887442
4 3 7.35217718 4.95418047
4 4 6.09403610 4.50964099
4. Quantization of the EM field in confined region
4.1. Mathematical preliminary
In this section, at first we introduce a mathematical structure on Hilbert space developed
recently [28]. We consider an abstract Hilbert space H. Let Tˆ be an operator on this
space with the properties:
• Tˆ is densely defined and closed; we denote its domain by D(T ).
• Tˆ−1 exists and is densely defined, with domain D(T−1).
• The vectors φn ∈ D(T )∩D(T−1) for all n and there exist non-empty open sets DT
12
and DT−1 in C such that ηz ∈ D(T ), ∀z ∈ DT and ηz ∈ D(T−1), ∀z ∈ DT−1.
Note that the first condition implies that the operator Tˆ ∗Tˆ = Fˆ is self-adjoint (here
∗ shows adjoint of operators). Due to action of the operator Tˆ , the Hilbert space is
transformed and orthogonal basis φn is transformed to a nonorthogonal basis. This new
basis can be considered orthogonal due to a new scalar product.
We define the two new Hilbert spaces:
• HF , which is the completion of the set D(T ) in the scalar product
〈ψ|φ〉F = 〈ψ|Tˆ ∗Tˆ φ〉H = 〈ψ|Fˆφ〉H. (40)
The set φFn = Tˆ
−1φn is orthonormal in HF and the map φ → Tˆ−1φ, φ ∈ D(T−1)
extends to a unitary map between H and HF . If both Tˆ and Tˆ
−1 are bounded,
H
−1
F coincides with H as a set.
• HF , which is the completion of D(T ∗−1) in the scalar product
〈ψ|φ〉−1F = 〈ψ|Tˆ−1Tˆ ∗−1φ〉H = 〈ψ|Fˆ−1φ〉H. (41)
The set φF
−1
n = TˆφN is orthonormal in H
−1
F and the map φ→ Tˆ φ, φ ∈ D(T ) extends
to a unitary map between HF and H
−1
F . If the spectrum of Fˆ is bounded away
from zero then Fˆ−1 is bounded and one has the inclusions
HF ⊂ H ⊂ H−1F . (42)
We shall refer to the spaces HF and H
−1
F as a dual pair and when (42) is satisfied, the
three spaces HF ,H and H
−1
F will be called a Gelfand triple [29].
Let Bˆ be a (densely defined) operator on H and Bˆ† its adjoint on this Hilbert space.
Assume that D(B) ⊂ D(F ). Then unless [Bˆ, Fˆ ] = 0, the adjoint of Bˆ, considered as an
operator on HF and which we denote by Bˆ
∗
F , is different from Bˆ
†. Indeed,
〈ψ|Bˆφ〉F = 〈ψ|Fˆ Bˆφ〉H = 〈Bˆ†Fˆψ|φ〉H = 〈Fˆ Fˆ−1Bˆ†Fˆψ|φ〉H (43)
= 〈Fˆ−1Bˆ†Fˆψ|φ〉F .
Thus
Bˆ∗F = Fˆ
−1Bˆ†Fˆ . (44)
Then due to the action of Tˆ on Hilbert space H, we obtain other space HF . Now if we
consider the oscillator operators aˆ, aˆ† and nˆ = aˆ†aˆ, we have the following operators on
HF
AˆF = Tˆ
−1aˆTˆ Aˆ†F = Tˆ
−1aˆ†Tˆ nˆF = Tˆ−1nˆTˆ . (45)
Clearly, considered as operators on HF , AˆF and Aˆ
†
F are adjoints of each other and
indeed they are just the unitary transforms on HF of the operators aˆ and aˆ
† on H. On
the other hand, if we take the operator AˆF , let it act on H and look for its adjoint on
H under this action, we obtain by (41) the operator Aˆ♯ = Tˆ ∗aˆ†Tˆ ∗−1 which, in general, is
different from Aˆ†F and also [AˆF , Aˆ
♯] 6= I , in general. In an analogous manner, we shall
define the corresponding operators aˆF−1 , aˆ
†
F−1
, etc, on HF−1. At this point we must
mention, according to this mathematical structure, operators AˆF and Aˆ
♯ are exactly
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equivalent to generalized operators defined in (1) that were adjoint of each other on the
same Hilbert space H.
We use this mathematical structure to find proper representation for the problem under
consideration and by a constraint we will determine operator Tˆ .
4.2. Quantization of fields
In previous sections, we presented a description of the quantum harmonic oscillator
confined in a one dimensional infinite well and we found its associated Heisenberg-type
algebra. This algebra is a deformed Heisenberg algebra which reduces to standard
Heisenberg algebra when the width of the well goes to infinity.
Now using the hypothesis that successive energy levels of the QHO confined in an
infinite well are obtained by creation or annihilation of quantum particles in a box,
we are going to construct a quantum field theory in a confined region and using it
to quantize EM field. We use canonical field quantization approach. The Lagrangian
associated with a given field confined within a certain region can be written as
L = Lfree + V (r). (46)
where Lfree defines the Lagrangian of the free field and V (r) =
{
0 −a ≤ r ≤ a
∞ elsewhere . If
we constrained the problem to the confined region −a ≤ r ≤ a, the V (r) = 0 and we
have L = Lfree. This means that in the confined region we can use the Lagrangian of
the free field. Now if we impose quantization postulate, this postulate will be the same
as free space.
For example, we consider the EM field in a confined region and in this region we
have the following Lagrangian for the field
L = −1
4
FµνF
µν , (47)
where Fµν = ∂µAν − ∂νAµ (µ, ν = 0, 1, 2, 3). As is customary in quantization of the EM
field we use the four-vector potential as the dynamical variable of the field. We use the
Coulomb Gauge in which ~∇ · ~A = 0 and A0 = 0. In this gauge, the Hamiltonian of the
EM field is expressed in terms of the vector potential ~A as [8, 30]
H =
∫
d3x
(∂ ~A
∂t
)2
+ (~∇× ~A)2
 . (48)
We consider the vector potential ~ˆA as the field operator, and the quantization postulate
for this field is expressed by the following commutation relation (between ~ˆA and its
conjugate momentum, ~E(r) = ∂
~A
∂t
)
[Aˆi(~r, t), Eˆj(~r′, t)] = −iδ3⊥ij(r − r′), (49)
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where δ⊥ is the transverse delta function. Now, we expand the field operator ~ˆA in
terms of the ladder operators of the confined QHO (from here we show creation and
annihilation operators of the confined QHO by Bˆ and Bˆ†)
~ˆA =
∑
~k
1√
2V ω~k
2∑
λ=1
~ε(λ,~k)[Bˆkλuk(~r) + Bˆ
†
kλu
∗
k(~r)], (50)
where ~ε is the polarization vector of the EM field, λ shows two independent polarization
direction, and V is the volume of confinement. We interpret Bˆkλ and Bˆ
†
kλ, respectively,
as the annihilation and creation operators for a deformed photon (quantum excitation of
the confined EM field under consideration) in direction ~k, polarization λ and frequency
ωk. The electric field operator or the conjugate momentum associated with ~ˆA is given
by
~ˆE(r, t) = −∂
~ˆA
∂t
=
∑
~k
1√
2V ωk
iωk
2∑
λ=1
~ε(λ,~k)[Bˆkλuk(~r)− Bˆ†kλu∗k(~r)]. (51)
It is easy to show that
[ ~ˆAi(~r, t), ~ˆEj(~r′, t)] =
−i
2V
∑
~k,λ
εi(~k, λ)εj(~k, λ)× (52)
[uk(~r)u
∗
k(~r
′) + u∗k(~r)uk(~r′)]h(nˆk,λ),
where [Bˆkλ, Bˆ
†
kλ] = h(nˆkλ) = γ(2nˆkλ+1)+α. As is seen, in contrast to the quantization
postulate (49), the right hand side of the above commutator is an operator-valued
function. Hence, if we use the deformed operators Bˆkλ, Bˆ
†
kλ as amplitudes of the field
expansion, the quantization postulate imposed on the canonically conjugate variables of
the EM field is not preserved. To preserve the commutation relation (49), we propose
using another pair of deformed operators in the Fourier decomposition of the field
operator. For this purpose, we consider the following dual operator of Bˆ [31]
Bˆ = aˆf(nˆ) , Bˆ†f =
1
f(~n)
aˆ†, (53)
which satisfy the commutation relation
[Bˆkλ, Bˆ
†
fk′λ′] = δkk′δλλ′ . (54)
We use these operators to expand the field operator
~ˆA =
∑
~k
1√
2V ωk
2∑
λ=1
~ε(λ,~k)[Bˆkλuk(~r) + Bˆ
†
fkλu
∗
k(~r)]. (55)
As is clear, the operators Bˆkλ and Bˆ
†
fkλ are not adjoint of each other with respect to the
ordinary scalar product, so the field operator is not hermitian. It has been shown [32],
there is a representation in which the operator Bˆ†f is adjoint of the f-deformed operator
Bˆ with respect to a new scalar product in the carrier Hilbert space. Hence, in order
to preserve the quantization postulate, we should deform the Hilbert space. We show
15
the ordinary scalar product by 〈 , 〉 and the deformed one by 〈 , 〉f . Since both scalar
products are defined on the same Hilbert space, they correspond to the same metric.
The relation between these two scalar product according to (41) can be written as
〈φ, ψ〉f = 〈φ, Fψ〉, (56)
where F defines the relationship between two scalar products and it can be determined
from the condition that Bˆ and Bˆ†f be adjoint of each other:
〈Bˆφ, ψ〉f = 〈Bˆφ, Fψ〉 = 〈φ, Bˆ†Fψ〉 = 〈φ, Bˆ†fψ〉f . (57)
Therefore one can readily verify that F is given by
F = f 2(nˆ)
∞∏
m=1
f 2(nˆ−m). (58)
From Eqs.(41) and (58) operator Tˆ can be found as
Tˆ = f(nˆ)
∞∏
m=1
f(nˆ−m). (59)
and according to Eq.(45) the operators Bˆkλ and Bˆ
†
kλ can be obtained by the action of
Tˆ . Now except other meaning of T we can interpret it as a transformation, that by
its action ordinary system can be changed to a confined system with definite barriers’s
position.
Now instead of expanding the field operator in plane wave basis we expand it in a
basis that is orthogonal with respect to the new scalar product (56)
~ˆA =
∑
~k
1√
2V ωk
2∑
λ=1
~ε(λ,~k)[Bˆkλvk(~r) + Bˆ
†
fkλv
∗
k(~r)], (60)
where vk(~r) = Tˆ uk(~r), is a basis that is orthogonal in the new representation as
mentioned in mathematical preliminary section. In this new representation the field
operator defined in Eq.(60) becomes Hermitian. Furthermore, the electric field operator
reads as
~ˆE(r, t) =
∑
~k
iωk√
2V ωk
2∑
λ=1
~ε(λ,~k)[Bˆkλvk(~r)− Bˆ†fkλv∗k(~r)], (61)
and the quantization postulate is recovered
[Ai(r, t), Ej(r
′, t)] = −iδ3⊥ij(r − r′). (62)
As mentioned before, in the confined region the Hamiltonian of the EM field is the same
as in free space. This Hamiltonian in the Coulomb gauge is given by
Hˆ =
1
2
∫
d3r
(
~ˆE
2
(r) + ~ˆB
2
(r)
)
=
1
2
∫
d3r
(
(
∂ ~ˆA
∂t
)2 + (~∇× ~ˆA)2
)
, (63)
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where Bˆ refer to the magnetic field. By substituting the field operator ~ˆA given by (60)
in the above expression we arrive at the following Hamiltonian
Hˆ =
∑
k,λ
ωkBˆ
†
fkλBˆkλ. (64)
Thus, the Hamiltonian can be interpreted as a collection of f-oscillators for different
modes of the EM field. The eigensates of Hˆ which form a complete set and span the
Hilbert space of the system, are given by
|0〉, Bˆ†fkλ|0〉, Bˆ†fkλBˆ†fk′λ′ |0〉, · · · , (65)
where |0〉 is the vacuum state of the system i.e. Bˆkλ|0〉 = 0. In this manner, we interpret
each particle as an excitation of QHO confined in an infinite well. This formulation can
be used in confined systems and nanostructures for considering elementary excitations,
such as ecxitons (which is a composite excitation), phonons and plasmons.
In quantum theory of fields, there are two important concepts that are very useful
in considering interacting fields. One of them is Feynman propagator which is defined
for a general field operator ψˆ(x) as [8]
iDF (x− y) = 〈0|Cˆ(ψˆ(x)ψˆ(y))|0〉, (66)
where Cˆ is the time-ordered operator (we show the time ordering operator by Cˆ for
making distinction between this operator and the operator Tˆ defined in (40)). Now,
if we assume that the field under consideration is spatially confined, then according to
the definition of the deformed scalar product given by (56) the corresponding Feynman
propagator is defined as
iD′F (x− y) =f 〈0|Cˆ(ψˆ(x)ψˆ(y))|0〉f . (67)
Making use of this definition for the photon field in a confined region and applying field
operator (60) result in:
D′F (x− y) = F (0)DF (x− y). (68)
where F (nˆ) = f 2(nˆ)
∏∞
m=1 f
2(nˆ−m). Eq.(68) shows that the Feynman propagator has
not any difference in confined field theory except a constant factor that depends on
some physical parameters such as the size of the system, and reduces to the standard
propagator when the boundaries tend to infinity. Another important concept is the
scattering matrix (S matrix), that describes the probability amplitude for a process
in which the system makes a transition from an initial state to a final state under
the influence of an interaction. According to the concept of S matrix, the probability
amplitude for a transition from the initial state |i〉 into the final state |f〉 is defined as
Sfi = 〈f |Sˆ|i〉, (69)
where operator Sˆ is defined in terms of the interaction Hamiltonian in the interaction
picture as [8]
Sˆ =
∞∑
l=0
1
l!
(−i)l
∫
d3r1 · · · d3rlCˆ[Hint(t1) · · ·Hint(tl)]. (70)
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In our formalism, according to the new definition of scalar product we define the
probability amplitude as
S ′fi = 〈f |Sˆ|i〉f = 〈f |F (nˆ)Sˆ|0〉. (71)
and due to the concept of Fock states we have
S ′fi = F (n)〈f |Sˆ|i〉 = F (n)Sfi. (72)
This equation shows that the new S matrix is proportional to the standard S matrix
with a constant of proportionality that is a function of number of quantum excitations.
Furthermore, we can conclude that spatial confinement of an interacting system results
in an intensity-dependent coupling constant. As an example, consider an EM field that
interacts with a fermionic system in a confined region. We assume that in this system,
fermions be expressed by undeformed Dirac field operator denoted by ψˆ , and photons
are described by (60). The interaction Hamiltonian can be written as
Hˆint = −eψˆγψˆ ~A. (73)
Therefore the S matrix is given by
Sfi = 1− ieF (n)
∫
d3x : ψˆ(x)γψˆ(x) ~A(x) :
+
(−ie)2F (n)
2!
∫
d3xd3yCˆ
[
: ψˆ(x)γψˆ(x) ~A(x) :: ψˆ(x)γψˆ(x) ~A(x) :
]
+ · · ·(74)
where the symbol :: denotes the normal ordering. So one can conclude from (74) that
coupling constant in each term of the expansion has a same dependence on the intensity
of the photon field. Dependence of coupling constant on intensity is a indication of
nonlinear interaction.
5. Generation of coherent states in a confined region
In this section we consider an infinite well directed in the z-direction, in which we have
a current density (A0 6= 0). For example, an electron that moving in axial direction of
the well generates the following classical current
~j = evδ(x)δ(y)δ(z − vt)kˆ, (75)
where v is the velocity of electron. In the presence of current density, the equation of
motion for the vector potential ~A (according to the Maxwell equations) reads as
1
c2
∂2 ~A
∂t2
+ ~∇× ~∇× ~A = 1
c
~j′, (76)
where ~j′ = ~j − ~∇ϕ is the transverse part of the current density. This equation can be
derived from the Hamiltonian
Hˆ =
∫
d3r
1
2
(∂ ~ˆA
∂t
)2
+
(
~∇× ~ˆA
)2 + 1
c
~j′(r, t)  ~ˆA(r, t)

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=
∑
k,λ
(
ωkBˆ
†
fkλBˆkλ
)
+
1
c
∫
d3r~j′(r, t)  ~ˆA(r, t)
=
∑
k,λ
[ωkBˆ
†
fkλBˆkλ
+
1
c
~ε(k, λ)√
2V ωk
∫
d3r
(
Bˆkλg(k, r) + Bˆ
†
fkλg
∗(k, r)
)

~j′(r, t)], (77)
The transverse density current ~j′ and the polarization vectors are in the same plane and
are in the same direction. The Hamiltonian (77) can be rewritten as
Hˆ =
∑
k,λ
[
ωkBˆ
†
fkλBˆkλ +
1√
2V ωk
(
Bˆkλj
′(k, t) + Bˆ†fkλj
′∗(k, t)
)]
. (78)
where j′(k, t) = 1
c
∫
d3r~ε(k, λ) · ~j′(r, t)g(k, r). The equation of motion for Bˆkλ(t) that
follows from the above Hamitonian reads as
˙ˆ
B = −iωkBˆkλ − ij
′∗(k, t)√
2V ωk
. (79)
If we define a new variable
˜ˆ
Bkλ(t) = e
iωktBˆkλ, the solution of Eq.(79) is˜ˆ
Bkλ(t) =
˜ˆ
Bkλ(−∞)− i√
2V ωk
∫ t
−∞
j′∗(k, t′)eiωkt
′
dt′. (80)
The time dependence of the operator
˜ˆ
Bkλ(t) can be regarded as a result of the following
unitary transformation˜ˆ
Bkλ(t) = Oˆ
†Bˆkλ(−∞)Oˆ,
Oˆ = exp
[∑
k,λ
(
α(k, t)Bˆ†fkλ(−∞)− α∗(k, λ)Bˆkλ(−∞)
)]
. (81)
where by definition α(k, t) = −i√
2V ωk
∫ t
−∞ j
′∗(k, t′)eiωkt
′
dt′. The operator Oˆ is a
displacement-like operator [31, 32]. If we choose the initial state of the EM field to
be the vacuum |0〉, then the state vector at time t is
|β(k, t)〉 = Oˆ|0〉 = exp
[∑
k,λ
(
β(k, t)Bˆ†fkλ(−∞)− β∗(k, λ)Bˆkλ(−∞)
)]
|0〉
= e−
|β(k,t)|2
2
∑
n
βn(k, t)
[f(n)]!n!
(aˆ†)n|0〉
= e−
|β(k,t)|2
2
∑
n
βn(k, t)√
n![f(n)]!
|n〉. (82)
In the sense of Eqs.(11)-(13) it is evident that this state can be regarded as a nonlinear
coherent state.
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6. Conclusion
In this paper, we have considered the relation between the spatial confinement effects
and special kind of f-deformed algebra. We have found that the confined simple harmonic
oscillator can be interpreted as an f-oscillator, and we have obtained the corresponding
deformation function. Then we have searched the effects of boundary conditions in
quantum field theory. We have used f-deformed operators as the dynamical variables
and found that for preserving commutation relation between the field operator and its
conjugate momentum we should deform Hilbert space of the system under consideration.
As a result of new definition of scalar product, we have concluded that the coupling
constant of interactions in confined systems become a function of number of excitation,
for example in the case of EM field coupling constant becomes a function of intensity
of EM field. Finally we have proposed a theoretical scheme for generating nonlinear
coherent states of EM field through the coupling of a classical current to the vector
potential operator ~ˆA inside a confined region.
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Figure 1. Plots of the Mandel parameter versus the dimensionless parameter a
l0
. The
dotted correspond to |β|2 = 0.5, the next correspond to |β|2 = 1, and the uppest for
|β|2 = 1.5
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Figure 2. Plots of sxa versus φ for |β|2 = 4. In figure (a) we choose a = 0.5, in figure
(b) a = 1 , and figure (c) a = 2.5 (these value of a are renormalized to l0
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Figure 3. Plots of sxa versus the dimensionless parameter
a
l0
for different phases and
|β|2 = 1. Dotted line, line and bold line ,respectively, correspond to φ = 100, φ = 110
and φ = 90.
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Figure 4. Plots of deformed squeezing parameter SXA versus the dimensionless
parameter a
l0
. Figures (a), (b) and (c), respectively correspond to |β|2 = 1, |β|2 = 1.5
and |β|2 = 2.5.
